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ON THE BLOCH-KATO CONJECTURE FOR HILBERT MODULAR FORMS
MATTEO TAMIOZZO
Abstract. The aim of this paper is to prove inequalities towards instances of the Bloch-Kato conjecture
for Hilbert modular forms of parallel weight two, when the order of vanishing of the L-function at the
central point is zero or one. We achieve this implementing an inductive Euler system argument which
relies on explicit reciprocity laws for cohomology classes constructed using congruences of automorphic
forms and special points on several Shimura curves.
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1. Introduction
1.1. Let F be a totally real field with ring of integers OF , n ⊂ OF an ideal and f ∈ S(n) a Hilbert
newform of parallel weight two and level U1(n) with trivial central character. Let E be the number
field generated by the Hecke eigenvalues of f . One can attach to f a compatible system of (self-dual)
Galois representations indexed by finite places of E, coming in most cases from a motive M over F
with coefficients in E ([BR93]) whose L-function coincides with the automorphic L-function L(f, s). The
conjectures of Bloch and Kato [BK90] - reformulated and extended by Fontaine and Perrin-Riou [Fon92],
[FPR94]- predict that the order of vanishing of L(f, s) at the central point s = 1 should be equal to the
dimension of the Selmer group of (the e´tale realisations of) M , and express the first non zero term in the
Taylor expansion of L(f, s) at s = 1 in terms of arithmetic invariants of M .
1.2. The aim of this paper is to study instances of these conjectures for the base change of M to a CM
extension K/F , when the order of vanishing of the relevant L-function is at most one. In this case we
prove, under suitable assumptions, inequalities towards the special value formulas predicted by Bloch-
Kato. Furthermore we are able to provide a criterion under which our inequalities can actually be shown
to be equalities.
In order to state our main result we need to introduce some more notation: fix a place p of E lying
above a rational prime p; let Ep be the completion of E at p and let Op be the ring of integers of Ep.
Let ρ : Gal(F¯ /F ) → Aut(V (f)) the p-adic Galois representation attached to f . Choose a self-dual
Gal(F¯ /F )-stable Op-lattice T (f) ⊂ V (f); set A(f) = V (f)/T (f) and let ρ¯ : Gal(F¯ /F ) → Aut(T (f)/p)
be the residual Galois representation attached to f .
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1.3. Assume that n is squarefree and all its prime factors are inert in K. The sign of the functional
equation of L(fK , s) equals 1 (resp. -1) if the number of prime ideals dividing n has the same (resp.
opposite) parity as the degree [F : Q]. In the first case, called the definite case, one can define the
algebraic part of the special value L(fK , 1), denoted by L
alg(fK , 1) (see Remark 3.5); our result relates
its p-adic valuation vp(L
alg(fK , 1)) to the length of the Selmer group Sel(K,A(f)). In the second case,
called the indefinite case, the representation T (f) can be realised as a quotient of the p-adic Tate module
of a suitable Shimura curve, and one can use points with CM by K on the curve to construct a Selmer
class c ∈ Sel(K,T (f)) which is non zero if and only if L′(fK , 1) 6= 0 (see 8.1); if this is the case
let vp(c) = max{k ≥ 0 | c ∈ pkSel(K,T (f))}. We will relate vp(c) to the length of the quotient of
Sel(K,A(f)) by its divisible part.
1.4. We will work throughout the text with a certain class of automorphic forms modulo (powers of)
p, which we call admissible automorphic forms (see Definition 6.4). Given such an automorphic form
h we will consider the Selmer group Sel(Dh/n)(K,T1(f)) and the “algebraic part of the special value”
a(h) ∈ Op/pn defined in (6.7, 6.4). We can now state our main result:
1.5. Theorem. (cf. Theorems 5.2, 8.3) The notation being as above, assume that
(1) the level n of f , the discriminant disc(K/F ) and the prime p below p are coprime to each other.
Moreover p > 3 is unramified in F , and n is squarefree and all its factors are inert in K.
(2) The image of the residual Galois representation ρ¯ attached to f contains SL2(Fp).
(3) For every prime q | n we have N(q) 6≡ −1 (mod p). Moreover if N(q) ≡ 1 (mod p) then ρ¯ is
ramified at q.
Then the following statements hold true:
Definite case: if L(fK , 1) 6= 0 then Sel(K,A(f)) is finite and
lengthOpSel(K,A(f)) ≤ vp(Lalg(fK , 1));
Indefinite case: if L′(fK , 1) 6= 0 then Sel(K,A(f)) has Op-corank one and
lengthOpSel(K,A(f))/div ≤ 2vp(c).
Moreover the above inequalities are equalities provided that the following implication holds true: if h
is an admissible automorphic form mod p and Sel(Dh/n)(K,T1(f)) = 0 then a(h) is a p-adic unit.
1.6. Various results in the spirit of the above theorem have already been proved. In particular, the
implication L(fK , 1) 6= 0 ⇒ Sel(K,V (f)) = 0 was studied, in different degrees of generality, by several
authors (among others [BD05], [Lon06], [LV10], [Chi17]), and established under minimal assumptions for
Hilbert modular forms of parallel weight two by Nekova´rˇ [Nek12]. The idea underlying all these works,
dating back to the seminal work [BD05], is to use a level raising of f at well chosen primes l in order to
switch from the definite to the indefinite situation, and use CM points on Shimura curves, available in
the latter setting, to construct cohomology classes c(l) which, via global duality, create an obstruction
to the existence of Selmer classes whenever L(fK , 1) does not vanish. This is proved by establishing an
explicit reciprocity law (the first reciprocity law in [BD05]) relating the localisation of c(l) at l to the
special value L(fK , 1).
1.7. In [BD05] a second reciprocity law was also proved, expressing the localisation of c(l) at suitable
primes l′ 6= l in terms of the special value of the L-function of a level raising of f at the two primes l and l′.
The joint use of the two reciprocity laws makes an induction process possible, which was used in [BD05]
in order to prove one divisibility in the anticyclotomic Iwasawa main conjecture for weight two modular
forms under suitable assumptions. This work was later generalised to modular forms of higher weight
in [CH15] and to Hilbert modular forms of parallel weight two (resp. higher parallel weight) in [Lon12]
(resp. [Wan19]). The results in these papers only apply to modular forms which are ordinary at primes
above p; this assumption has been removed for modular forms of weight two in [DI08], [PW11], under
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the hypothesis that the prime p is split in the given imaginary quadratic field K; the case of inert primes
is investigated in the preprint [BLV19]. A general argument allowing to deduce one divisibility in the
anticyclotomic Iwasawa main conjecture from the two reciprocity laws is presented in [How06], where a
condition implying that this divisibility is an equality is also given.
The above mentioned results on the Iwasawa main conjecture can be used to deduce, for ordinary
Hilbert modular forms, the inequalities in our theorem (at least in the definite case); the main point of
this work consists in observing that a refinement of the Euler system argument used in [BD05], [Lon12]
can be employed to prove directly the sought-for inequalities. In particular, we do not need to restrict to
ordinary nor split primes. In fact, by [Dim05, Proposition 0.1], given a Hilbert newform f which is not
a theta series and a CM extension K/F satisfying the requirements in (1), our result applies to all but
finitely many primes p.
1.8. In the case F = Q, formulas relating the length of the Selmer group of the twist of A(f) by certain
anticyclotomic Hecke characters to special values of L-functions are proved in [BLV19], both in analytic
rank zero and one. The authors then use these formulas to deduce the relevant anticyclotomic Iwasawa
main conjecture. Our work started from the observation that part of the argument in [BLV19] does not
rely on Iwasawa theory, and can be adapted and generalised to the setting of Theorem 1.5 (see 7.2).
1.9. Let us point out that the criterion that we give to upgrade our inequalities to equalities can be
seen as a GL2-version of Ribet’s converse of Herbrand’s theorem [Rib76] (see Remark 6.10). This follows
from the Skinner-Urban divisibility in the Iwasawa main conjecture [SU14], [Wan14], proved for ordinary
Hilbert modular forms in [Wan15]. Using this line of thought the authors of [BLV19] are able to establish
the full equality in the anticyclotomic Iwasawa main conjecture for elliptic curves over Q, both in the
ordinary and supersingular case. In our setting, this approach does not allow for the time being to
prove that the inequalities in Theorem 1.5 are always equalities; it would be interesting to know whether
the result that we need to achieve this, a priori weaker than its Iwasawa-theoretic counterpart, can be
established under the assumptions of our theorem.
1.10. The hypotheses in our theorem are quite strong, and many of them are mainly needed to apply the
automorphic results used to construct the Euler system (in particular a suitable multiplicity one result
and Ihara’s lemma; see section 6). In the special case F = Q everything would work under the (weaker)
assumption CR made in [PW11]; as already mentioned, the advantage is that hypotheses like ap = 0
and p split in K, which are made in [PW11] in the supersingular case for Iwasawa-theoretic reasons, are
unnecessary for us.
1.11. Let us briefly describe how our proof works, referring the reader to section 7 for the details.
In the definite case we prove the result by induction on t(f) = vp(L
alg(fK , 1)). When t(f) = 0 it
is easily seen that the existence of the classes c(l) and the first reciprocity law force the vanishing of
l(f) = lengthOpSel(K,A(f)) (Corollary 7.14). If t(f) > 0, using both reciprocity laws and global duality
we are able to show that either Sel(K,A(f)) = 0 or one can produce a level raising g of f modulo a high
enough power of p such that t(g) < t(f) and t(g)− l(g) = t(f)− l(f). Let us stress that the Euler system
argument we give is not enough to rule out the possibility that t(f) > 0 and Sel(K,A(f)) = 0; one needs
this additional input in order to promote our inequalities to equalities. This is not surprising, as the fact
that Sel(K,A(f)) 6= 0 if t(f) > 0 is an existence statement for non trivial Selmer classes, which one does
not expect to follow from the algebraic manipulations at the heart of our arguments.
Finally, we deal with the indefinite case by essentially reducing it to the definite one via level raising
and the second reciprocity law. A similar idea plays an important role in [Zha14] and is used in [BBV16]
to obtain a result close to ours over Q. More general special value formulas in the analytic rank one
case for elliptic curves over Q have been established in [JSW17] by different methods. It is perhaps also
worth pointing out that using Kolyvagin’s method (in its totally real version [KL91], [Nek07]) one can
obtain results in the indefinite case and then deduce information in the analytic rank zero case (at least
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concerning the rank of the relevant Selmer group over the base field) using non-vanishing results for the
first derivative of L-functions [BFH90]. We instead proceed in the opposite way, treating the rank zero
case first and then deducing the rank one case.
1.12. Finally, let us mention that analogues of the reciprocity laws used in this paper have been (par-
tially) established in other contexts [LT17], [Liu19], [Zho19] and used to bound the ranks of the Selmer
groups of suitable motives. We hope that our arguments can be of use in these settings to prove (inequal-
ities towards) the expected special value formulas.
1.13. Structure of the paper. In section 2 we fix our notation and introduce our main objects of
interest, namely Hilbert modular forms (as well as automorphic forms on other quaternion algebras) and
the associated Galois representations. In section 3 we recall the special value formulas of S. Zhang for the
central value and first derivative of the L-functions of Hilbert modular forms. In section 4 we introduce
Bloch-Kato Selmer groups for the representations of interest to us and explicitly describe the relevant
local conditions in our setting. In section 5 we state our main theorem in the definite case and reduce it
to a statement on finite Selmer groups. Section 6 introduces the cohomology classes and reciprocity laws
needed to prove this statement. Finally, those are used to prove our main result in the definite setting in
section 7, which is the heart of this paper. The indefinite case is dealt with in section 8.
1.14. Notation and conventions. We fix once for all a rational prime p, embeddings ι∞ : Q¯→ C, ιp :
Q¯→ Q¯p and an isomorphism Q¯p ∼←→ C compatible with the two embeddings.
The symbol Fr denotes geometric Frobenius, unless stated otherwise. Accordingly, the Artin map of
global class field theory is normalised so that uniformisers correspond to geometric Frobenius elements.
The absolute Galois group of a field L is denoted by ΓL. The completion of a number field L at a place
v is denoted by Lv. If M is a ΓL-module and c ∈ H1(L,M) then the restriction of c to H1(Lv,M) will
be denoted by locv(c).
We will write M ≃ N to denote that two objects M,N are isomorphic. The cardinality of a set X will
be denoted by #X .
We let Zˆ = lim←−n Z/nZ and, for an abelian group A, we set Aˆ = A ⊗Z Zˆ. For example the ring of finite
adeles of Q is Af = Q×Z Zˆ = Qˆ.
Acknowledgements. The work presented in this paper was carried out during the author’s PhD at
the University of Duisburg-Essen, supported by SFB/TR45 “Periods, Moduli Spaces and Arithmetic of
Algebraic Varieties”; he wishes to express his gratitude to all the members of the ESAGA group in Essen,
and thanks the authors of [BLV19] for sharing a draft of their paper. This work began while the author
was a guest at CIB, EPF Lausanne during the special semester “Euler systems and special values of L-
functions”. He is very grateful to the organisers for the invitation and for the excellent working conditions
offered throughout the semester. The author would also like to thank Jan Nekova´rˇ for spotting some
inaccuracies in an earlier version of this text and for providing several useful comments. This paper was
completed while the author was a Research Associate at Imperial College, supported by the ERC Grant
804176.
2. Quaternionic automorphic forms
2.1. In this section we introduce the main objects we will work with, namely Hilbert modular forms
and the associated Galois representations, Shimura curves and quaternionic sets. The material in this
section is well known, hence we will provide no proof. For a more detailed discussion the reader is referred
to [Nek06, Chapter 12] and the references therein.
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2.2. Hilbert modular forms. Let us fix a totally real number field F of degree r > 1 with ring of
integers OF ; let G = ResF/QGL2,F and let U ⊂ G(Af ) be a compact open subgroup. We denote
by M(U) the space of Hilbert modular forms of parallel weight two and level U with trivial central
character and by S(U) the subspace of cusp forms. They are equipped with an action of the Hecke
algebra H(U \G(Af )/U) of compactly supported, left and right U -invariant functions G(Af )→ C.
Let n ⊂ OF be an ideal such that (n, p) = (1). In what follows we will work with Hilbert modular forms
of level U1(n), where
U1(n) =
{(
a b
c d
)
∈ GL2(OˆF ) : c, d− 1 ≡ 0 (mod nˆ)
}
.
The corresponding spaces of modular (resp. cusp) forms will be denoted by M(n) (resp. S(n)). Let v
be a finite place of F not dividing n and Av = U1(n)
(
̟v 0
0 1
)
U1(n), where ̟v is a uniformiser of Fv.
We denote by Tv : M(n)→M(n) the Hecke operator corresponding to the function
1∫
Av
dg
1Av
where 1Av is the characteristic function of Av and dg =
∏
v∤∞ dgv, where dgv is the Haar measure on
GL2(Fv) normalised imposing
∫
GL2(OFv )
dg = 1. If v divides n the same operator will be denoted by
Uv. We denote by Tn ⊂ H(U1(n) \G(Af )/U1(n)) the ring generated by the Hecke operators Tv for v ∤ n
and Uv for v|n. A cusp form f ∈ S(n) is called a newform (of parallel weight two, with trivial central
character) if it is an eigenvector for all the operators in Tn, it is new at every place w|n and the constant
term in its Fourier expansion equals one. A newform f gives rise to a ring morphism
λf : Tn → C
sending an Hecke operator T ∈ Tn to the number λf (T ) ∈ C such that T · f = λf (T )f . The L-function
of f is defined as the Euler product
L(f, s) =
∏
v|n
(1− λf (Uv)N(v)−s)−1
∏
v∤n
(1 − λf (Tv)N(v)−s +N(v)1−2s)−1
yielding a holomorphic function on the half-plane Re s > 32 .
2.3. Galois representations attached to newforms. Let f ∈ S(n) be a newform and O the ring
generated by the eigenvalues λf (Tv), λf (Uv) of the Hecke operators acting on f . It is an order in the ring
of integers of a number field E ⊂ C which is totally real (since f has trivial central character). Thanks
to the work of several people ([Oht82], [Wil88], [Tay89], [BR89]) one can attach to f a compatible system
of Galois representations
ρf,π : ΓF → Aut(Vf,π)
where, for each finite place π of E, Vf,π is a 2-dimensional vector space over the completion Eπ of E at
π. We denote simply by
ρf : ΓF → Aut(Vf )
the Galois representation corresponding to the place p of E induced by the isomorphism C
∼←→ Q¯p fixed
at the beginning 1.14. Let Op be the ring of integers of Ep and ̟ a uniformiser of Op. The representation
ρf enjoys the following properties:
(1) it is unramified outside np;
(2) for every finite place v of F not dividing np we have
det(1− FrvN(v)−s|Vf ) = 1− λf (Tv)N(v)−s +N(v)1−2s;
(3) for v ∤ np the eigenvalues of Frv acting on Vf are v-Weil numbers of weight 1;
(4) it is absolutely irreducible.
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By (4), the Brauer-Nesbitt theorem and the Chebotarev density theorem ρf is uniquely characterised
up to isomorphism by the property (2), which determines the trace of almost all Frobenius elements.
Moreover (2) implies that
det(Vf ) = ∧2Vf ≃ Ep(−1)
hence V ∗f = Hom(Vf , Ep) ≃ Vf (1). Letting V (f) = Vf (1) it follows that V (f) is self-dual, i.e. there is a
skew-symmetric, non degenerate, ΓF -equivariant pairing
V (f)× V (f)→ Ep(1)
yielding an identification V (f) ≃ HomΓF (V (f), Ep(1)).
We choose a ΓF -stable Op-lattice T (f) ⊂ V (f) such that the above pairing (possibly scaled by a
constant) induces a perfect pairing
T (f)× T (f)→ Op(1)
hence perfect pairings
T (f)×A(f)→Ep/Op(1)
Tn(f)×An(f)→Ep/Op(1), n ≥ 0,
where A(f) = V (f)/T (f), An(f) = A(f)[̟
n] ≃ Tn(f) = T (f)/̟n.
2.4. Assumption. Assume that the residual Galois representation T1(f) is irreducible (hence absolutely
irreducible).
Under the above assumption the isomorphism class of the Galois representations T (f), Tn(f) does not
depend on the choice of the lattice T (f).
We will need the following information on the local structure of the ΓF -module V (f):
2.5. Lemma. (cf. [Nek06, 12.4.4.2, 12.4.5]) If v is a place of F dividing exactly n then V (f)|ΓFv is of
the form (
µχcyc ∗
0 µ
)
where χcyc is the cyclotomic character and µ is a quadratic unramified character.
2.6. Shimura curves. Let B/F be a quaternion algebra split at exactly one infinite place τ of F . For
U ⊂ Bˆ× compact open one disposes of the space SB×(U) of (cuspidal) automorphic forms for B× of
level U and weight 2, endowed with an action of H(U\Bˆ×/U). On the other hand we can consider the
Shimura curve YU whose complex points are given by
(2.6.1) Y anU = B
×\(C \R)× Bˆ×/U.
where B× acts on C\R via the embedding B ⊂ B⊗F,τR =M2(R) and the action of GL2(R) on C\R by
Mo¨bius transformations. Every element of the Hecke algebra H(U\Bˆ×/U) gives rise to a correspondence
on the curve YU , hence the Hecke algebra acts on H
0(Y anU ,ΩC). In fact, there is a canonical, Hecke
equivariant identification (see [Nek07, (1.6)])
(2.6.2) SB
×
(U)
∼−→ H0(Y anU ,ΩC).
Together with the Hodge decomposition and the comparison between Betti and e´tale cohomology, this
relates weight two cuspidal eigenforms for B× to systems of Hecke eigenvalues in the e´tale cohomology
of YU .
The center Fˆ× ⊂ Bˆ× acts on YU . Denoting by [z, b] a point of Y anU , where z ∈ C \R and b ∈ Bˆ×, the
action of an element g ∈ Fˆ× is given by g · [z, b] = [z, bg]; hence the action of Fˆ× factors through the
finite group CU = F
×\Fˆ×/(Fˆ× ∩ U). The quotient XU = YU/CU is a smooth projective scheme, and
(2.6.2) induces an identification
SB
×/Z(U)
∼−→ H0(XanU ,ΩC)
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where we denoted by SB
×/Z(U) ⊂ SB×(U) the subspace of automorphic forms with trivial central
character. Since those are the only automorphic forms we will consider, we will consistently work with
the quotient Shimura curves XU .
2.7. Automorphic forms on totally definite quaternion algebras. Finally, we will need to work
with automorphic forms (of “parallel weight two”) on totally definite quaternion algebras. Let B/F be
a quaternion algebra ramified at every infinite place and U ⊂ Bˆ× a compact open subgroup. Then the
space of weight two automorphic forms for B× of level U is defined as
SB
×
(U) = {f : B×\Bˆ×/U → C} = C[B×\Bˆ×/U ];
notice that B×\Bˆ×/U is a finite set, which we will sometimes call a quaternionic set. Automorphic forms
with trivial central character are those which factor through B×\Bˆ×/Fˆ×U . We will also need to work
with automorphic forms modulo (powers of) p. For our minimal needs, it will be enough to dispose of
this notion for totally definite quaternion algebras, in which case the definition is straightforward:
2.8. Definition. Let B be a totally definite quaternion algebra and A a commutative ring. We define
the space of A-valued automorphic forms for B× of level U as
SB
×
(U,A) = {f : B×\Bˆ×/U → A} = A[B×\Bˆ×/U ]
and we define SB
×/Z(U,A) by requiring Fˆ×-invariance in addition.
3. L-functions and special value formulas
3.1. The aim of this section is to recall the special value formulas due to S. Zhang relating the central
value (resp. first derivative) of the L-function of a Hilbert newform to special points on quaternionic sets
(resp. Shimura curves). These formulas are the key analytic input for our work, whose aim will be to
exploit these points, and the relations among them, in order to bound the Selmer group attached to the
relevant Hilbert modular form. Proofs of the formulas can be found in [Zha04] and, in more detail and
generality, in [YZZ13] (see also [CST14]).
3.2. Let f ∈ S(n) be a newform (with trivial central character); letK/F be a totally imaginary quadratic
extension satisfying (n, disc(K/F )) = 1. Let L(fK , s) = (ΓC(s)
[F :Q])L∞(fK , s) where L
∞(fK , s) is the
L-function of the compatible system of Galois representations {Vf,π|ΓK}π and ΓC(s) = 2(2π)−sΓ(s).
The function L(fK , s) admits holomorphic continuation to the whole complex plane, and it satisfies a
functional equation of the form L(fK , s) = ǫ(fK , s)L(fK , 2 − s). In particular the parity of the order
of vanishing of L(fK , s) at s = 1 is determined by ǫ(fK , 1). Our assumption that (n, disc(K/F )) = 1
implies that we can write n = n+n−, where n+ (resp. n−) is divisible only by primes which are split
(resp. inert) in K; let us furthermore assume that n− is squarefree. Then the value ǫ(fK , 1), which we
will simply denote by ǫ(fK), is determined as follows:
(1) If r = [F : Q] ≡ #{q : q | n−} (mod 2) then ǫ(fK) = 1; this is called the definite case. In this
situation we will be interested in the special value L(fK , 1).
(2) If r 6≡ #{q : q | n−} (mod 2) then ǫ(fK) = −1; this is called the indefinite case. In this situation
the functional equation forces the vanishing of the central value L(fK , 1), and we will look instead
at L′(fK , 1).
3.3. The definite case. Suppose that [F : Q] ≡ #{q : q | n−} (mod 2); let B/F be the quaternion
algebra ramified at all primes dividing n− as well as at all infinite places. Then f can be transferred, via
the Jacquet-Langlands correspondence, to an automorphic form
fB : B
×\Bˆ×/Fˆ×Rˆ× → C
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where R ⊂ B is an Eichler order of level n+. We normalize fB requiring its Petersson norm to be 1 (the
Petersson product being just a finite sum in this case). Fix an R-optimal embedding ι : K →֒ B (i.e.
such that ι−1(R) = OK), inducing a map
(3.3.1) ιˆ : K×\Kˆ×/Fˆ×Oˆ×K → B×\Bˆ×/Fˆ×Rˆ×;
Let a(f) =
∑
P∈K×\Kˆ×/Fˆ×Oˆ×
K
fB(ιˆ(P )) ∈ C.
3.4. Theorem. ([Zha04, Theorem 7.1]) The following equality holds:
(3.4.1) L(fK , 1) =
2r√
N(disc(K/F ))
· 〈f, f〉Pet · |a(f)|2.
3.5. Remark. Since we will have to work with integral automorphic forms we need to make a different
choice of Jacquet-Langlands transfer fB, which results in a different period appearing in the special value
formula in place of 〈f, f〉Pet. For a discussion of this issue we refer the reader to [Vat03, Section 2] (see also
[Lon07, Section 3.3]). For our purposes, let us recall that we can, and will, choose fB ∈ SB×/Z(Rˆ×,O),
where O is the ring generated by the Hecke eigenvalues of f , and such that the image of fB in Op contains
a p-adic unit. This determines fB up to multiplicaiton by a p-adic unit, and tor such a choice the above
formula translates into
(3.5.1) C · L(fK , 1)
ΩGr
= |a(f)|2
where C =
√
N(disc(K/F ))
2r and Ω
Gr = 〈f,f〉PetηB is the Gross period, quotient of 〈f, f〉Pet by the congruence
number ηB .
In particular the value C · L(fK ,1)ΩGr is an algebraic number, called the algebraic part of the special value
L(fK , 1) and denoted by L
alg(fK , 1). It follows from equation (3.5.1) that its p-adic valuation is
vp(L
alg(fK , 1)) = 2vp(a(f)).
3.6. The indefinite case. Let us now assume that r 6≡ #{q : q | n−} (mod 2); let B/F be the quater-
nion algebra ramified at all primes dividing n− and at all but one infinite place; let R ⊂ B be an order
of conductor n+ and fix an R-optimal embedding K →֒ B as before. Let PK ∈ XRˆ×(C) be a point with
CM by OK ; via the complex uniformisation (2.6.1) we can take PK = [z, 1] where z ∈ C \R is the only
point in the upper half plane fixed by the action of K× ⊂ B×. The point PK is an algebraic point of
XRˆ× , defined over the abelian extension of K whose Galois group is identified with K
×\Kˆ×/Fˆ×Oˆ×K via
Artin’s reciprocity map.
Let QK =
∑
σ∈K×\Kˆ×/Fˆ×Oˆ×
K
σ(PK) ∈ Div(XRˆ×) and let a(f) be the fB-isotypical part of QK −
deg(QK)ξ ∈ Jac(XRˆ×)(K) ⊗ Q, where fB ∈ SB
×/Z(Rˆ×) is a Jacquet-Langlands transfer of f and
ξ ∈ CH1(XRˆ×)⊗Q is the Hodge class [Zha04, pag. 202].
3.7. Theorem. ( [Zha04, Theorem 6.1]) The following equality holds:
L′(fK , 1) =
2r+1√
N(disc(K/F ))
· 〈f, f〉Pet · 〈a(f), a(f)〉NT
where 〈−,−〉NT is the Neron-Tate height.
3.8. Remark. Let T
B×/Z
n+
= Op[Tv, v ∤ n, Uv, v | n] where Tv (resp. Uv) is the characteristic function of
the double coset [Rˆ×̟vRˆ
×], with πv ∈ B×v ⊂ Bˆ× an element of norm N(v). Under assumption 2.4 the
maximal ideal of TB
×
n+
containing the kernel IfB of the map T
B×/Z
n+
→ Op attached to fB is not Eisenstein,
so the Hodge class dies modulo IfB . Hence inside (CH
1(XRˆ×)(K))⊗Op)/IfB = (Jac(XRˆ×)(K)⊗Op)/IfB
we have a(f) = [QK ].
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4. Selmer groups
4.1. Throughout this section we fix a Hilbert newform f ∈ S(n) and a CM extension K/F such that
n is squarefree and all its prime factors are inert in K (in the notation of the previous section, we are
assuming that n = n−).
4.2. Bloch-Kato Selmer groups. Let V = V (f). Recall that this is a two-dimensional Ep-vector
space with a continuous ΓF -action, inside which we have chosen self-dual Op-lattice T (f). We defined
A(f) = V (f)/T (f) and, for n ≥ 1, we denote An(f) = A(f)[̟n] ≃ Tn(f) = T (f)/̟n.
The Bloch-Kato Selmer group of the ΓK-module V is defined as
Sel(K,V ) = ker
(
H1(K,V )→
∏
v
H1(Kv, V )
H1f (Kv, V )
)
where, for a finite place v of K,
H1f (Kv, V ) = ker
(
H1(Kv, V )→
{
H1(Iv, V ) if v ∤ p
H1(Kv, V ⊗Bcris) if v | p
)
.
We also define Selmer groups Sel(K,M) forM = T (f), Tn(f), A(f), An(f) imposing as local conditions
H1f (Kv,M) those coming from H
1
f (Kv, V ) by propagation. In particular under the local Tate pairing at
a place v
H1(Kv, Tn(f))×H1(Kv, An(f))→ Ep/Op
the local conditions H1f (Kv, Tn(f)) and H
1
f (Kv, An(f)) are annihilators of each other, since the same is
true for the Bloch-Kato local conditions on V .
4.3. Our aim is to determine the local conditions defining Sel(K,An(f)) more explicitly. Precisely,
imposing suitable hypotheses on the Galois representation T1(f), we wish to describe these local conditions
purely in terms of the Galois representation An(f) and of the level n.
4.4. Local condition at places outside np. If v is a finite place of K not dividing np then V (f) is
unramified at v. Since the unramified local condition is stable under propagation on unramified ΓK-
modules it follows that the local condition on H1(Kv,M) for M = An(f), Tn(f) is the unramified one,
i.e.
H1f (Kv,M) = ker
(
(H1(Kv,M)→ H1(Iv,M)
)
.
4.5. Local condition at places dividing n. We want to express local conditions at places dividing n
in terms of the Galois module An(f). To do this we will need the following
4.6. Assumption. Assume that, if q|n and N(q) ≡ ±1 (mod p), then T1(f) is ramified at q.
4.7. Lemma. (cf. [PW11, Lemma 3.5]) Let q|n and n ≥ 1. Under the above assumption there exists a
unique submodule Aqn(f) of An(f) free of rank one over Op/̟n on which ΓKq acts via the cyclotomic
character.
Proof. For n = 1 this follows from assumption 4.6. Indeed by Lemma 2.5 the ΓKq-module A1(f) is of
the form (
χcyc ∗
0 1
)
If A1(f)
Iq is one dimensional, which is always the case when N(q) ≡ ±1 (mod p), then it is the only
subspace on which ΓKq acts via the cyclotomic character. Otherwise N(q) 6≡ ±1 (mod p), so Frq acting
on A1(f)
Iq has distinct eigenvalues, hence the claim follows. The statement for general n can then be
established by induction. 
4.8. Proposition. With the notations of the previous lemma, we have:
H1f (Kq, An(f)) = Im(H
1(Kq, A
q
n(f))→ H1(Kq, An(f))).
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Proof. First of all, we have H1(Kq, V (f)) = 0, H
1
f (Kq, A(f)) = 0 and H
1(Kq, T (f)) = H
1
f (Kq, T (f)) is
finite (cf. [Nek12, Proposition 2.7.8]), hence H1f (Kq, Tn(f)) = Im(H
1(Kq, T (f))→ H1(Kq, Tn(f))). Set
T = T (f)|ΓKq . Then we have an exact sequence of Op[ΓKq ]−modules
0→ T+ → T → T− → 0
where T+ = Op(1) and T− = Op. The induced long exact sequence in cohomology yields
0→ H0(Kq, T−)→ H1(Kq, T+)→ H1(Kq, T )→ H1(Kq, T−)→ H2(Kq, T+);
moreover we have H0(Kq, T
−) ≃ H2(Kq, T+) ≃ Op, H1(Kq, T+) = K×q ⊗ˆOp and H1(Kq, T−) =
Homcont(Γ
ab
Kq
,Op) = Homcont(K̂q×,Op). As H1(Kq, T ) is finite and H1(Kq, T−) is infinite the sec-
ond coboundary map is non zero, hence injective. It follows that the map T+ → T induces a surjec-
tion H1(Kq, T
+) ։ H1(Kq, T ); furthermore the map H
1(Kq, T
+) = K×q ⊗ˆOp → H1(Kq, T+/pn) =
K×q ⊗ Op/pn is surjective. Hence we obtain H1f (Kq, Tn(f)) = Im(H1(Kq, T+/pn) → H1(Kq, Tn(f))),
from which the proposition follows. 
4.9. Local conditions at places above p. Fix a place v of K lying above p. Then the Bloch-Kato
local condition at v can be described in terms of flat cohomology of p-divisible groups. This is discussed
in detail in appendix A of [Nek12]; the key facts that we need are summarised in the following
4.10. Proposition. (1) Let v be a place of F above p. Then there exists a p-divisible group G/OFv
with an action of Op such that Tp(G) = T (f)|ΓFv .
(2) For G as in (1) and n ≥ 1 we have
H1f (Kw, Tn(f)) = H
1
fl(OKw ,G[̟n])
where w is a place of K above v.
(3) Assume that p is unramified in K. Let w be a place of K above p and H/OKw a finite flat
group scheme with Op/(̟n)-action such that Tn(f) ≃ H(K¯w) as Op/̟n[ΓKw ]-modules. Then
H1f (Kw, Tn(f)) = H
1
fl(Ow,H).
Proof. The existence of G such that Tp(G) = T (f)|GFv is proved in [Tay95, Theorem 1.6].
The second point follows from [Nek12, A.2.6], which is a consequence of the fact that Tp(G)⊗Qp is a
crystalline ΓFv -representation, of local flat duality and of the vanishing of the second cohomology groups
H2fl(OKw ,G[̟k]), k ≥ 1.
Finally let us prove the third statement. We have isomorphisms G[̟n](K¯w) ≃ Tn(f) ≃ H(K¯w).
Since p is odd and unramified in K, by [Ray74, Corollary 3.3.6] the isomorphism G[̟n](K¯w) ≃ H(K¯w)
comes from an isomorphism G[̟n] ≃ H, under which H1fl(Ow,G[̟n]) and H1fl(Ow,H) are identified in
H1(Kw, Tn(f)). 
4.11. The outcome of this section is that we have described the local conditions giving Sel(K,Tn(f)) ≃
Sel(K,An(f)) purely in terms of the ΓK-module An(f) and of the level n of f ; this will be important for
us as in what follows we will realise Tn(f) as a quotient of the Tate module of the Jacobian of several
Shimura curves.
5. Statement of the main theorem, and a first de´vissage
5.1. Fix f ∈ S(n) as in 4.1. Until further notice, we are now going to work in the definite case, i.e. we
suppose that [F : Q] ≡ #{q, q | n} (mod 2). Then the sign of the functional equation of L(fK , 1) is 1,
and Zhang’s special value formula (3.4.1) implies that, with the notations as in 3.5, vp(L
alg(fK , 1)) =
2vp(a(f)). In this setting, our aim is to prove the following result
5.2. Theorem. Let f ∈ S(n). Assume that
(1) The level n of f , the discriminant disc(K/F ) and the prime p below p are coprime to each other.
Moreover p > 3 is unramified in F , and n is squarefree and all its factors are inert in K.
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(2) The image of the residual Galois representation ρ¯ : ΓF → Aut(T1(f)) attached to f contains
SL2(Fp).
(3) For every prime q | n we have N(q) 6≡ −1 (mod p). Moreover if N(q) ≡ 1 (mod p) then ρ¯ is
ramified at q.
(4) L(fK , 1) 6= 0.
Then Sel(K,A(f)) is finite and the following inequality holds:
lengthOpSel(K,A(f)) ≤ vp(Lalg(fK , 1)).
Moreover the inequality is an equality if the implication stated at the end of Theorem 6.9 holds true.
5.3. Notation. For a ∈ Op \ {0} we denote by ord̟(a) its ̟-adic valuation. More generally, if M is an
Op-module of finite type and m ∈ M \ {0} we let ord̟(m) = sup{n ≥ 0 : m ∈ ̟nM}. The length of
an Op-module M will be denoted by lOp(M). Hence ord̟(a) = lOp(Op/(a)) for a ∈ Op \ {0}, and the
cardinality of a finite Op-module M equals (#Op/(̟))lOp (M).
5.4. With the above notation, our aim is to prove the inequality
lOpSel(K,A(f)) ≤ ord̟(Lalg(fK , 1))
under the assumption that the right hand side is not equal to infinity. In other words we have to prove
that
(5.4.1) lOpSel(K,A(f)) ≤ 2ord̟(a(f)).
5.5. Remark. Bloch and Kato [BK90] predict that in our situation the following formula holds:
ord̟
(
L(fK , 1)
ΩBK
)
= lOpSel(K,A(f)) + ord̟
(∏
q
tq
)
where tq is the q-th Tamagawa number of A(f) and Ω
BK is a suitable period. In our sought-for formula
(5.4.1) Tamagawa number are missing. The point is that the period ΩGr in Zhang’s special value formula
is different from the one showing up in the Bloch-Kato conjecture. To show that our formula (5.4.1)
-better, the corresponding equality - is equivalent to the one predicted by Bloch and Kato one needs to
compare the quantities ΩGr and ΩBK . This is done in [PW11, Theorem 6.8] for modular forms over
Q; there the ratio between the two periods is shown to be equal precisely to the product of the missing
Tamagawa numbers. We do not know whether the analogous result over totally real fields has been
proved, and we did not address this issue.
Let us show first of all that it is enough to prove a mod-̟n version of the inequality (5.4.1).
5.6. Lemma. Assume that L(fK , 1) 6= 0 and that the inequality
(5.6.1) lOpSel(K,An(f)) ≤ 2ord̟(an(f))
holds true for infinitely many n, where an(f) ∈ Op/̟n denotes the reduction of a(f). Then
lOpSel(K,A(f)) ≤ 2ord̟(a(f)).
Moreover equality in the last equation holds if it does in (5.6.1) for infinitely many n.
Proof. If L(fK , 1) 6= 0 then a(f) 6= 0, hence a(f) 6≡ 0 (mod ̟n) for n large enough. For any such n we
have ord̟a(f) = ord̟an(f). By hypothesis we have the inequality lOpSel(K,An(f)) ≤ 2ord̟an(f) for
infinitely many n. Now An(f) = A(f)[̟
n], and by the next control result (Proposition 5.7) we have the
equality
Sel(K,A(f)[̟n]) = Sel(K,A(f))[̟n].
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Hence we obtain, for infinitely many n:
lOpSel(K,A(f))[̟
n] = lOpSel(K,An(f)) ≤ 2ord̟(an(f)) = 2ord̟(a(f))
As ord̟(a(f)) <∞ it follows that lOpSel(K,A(f))[̟n] is constant for n large, hence for such n we have
Sel(K,A(f)) = Sel(K,An(f)) and the lemma follows. 
5.7. Proposition. (cf. [MR04, Lemma 3.5.3]) For n ≥ 1 the natural map
Sel(K,A(f)[̟n]) −→ Sel(K,A(f))[̟n]
is an isomorphism.
Proof. To shorten the notation let us denote A(f) by M in this proof. Let Σ be the set consisting of all
infinite places of K and all places dividing np. Then we have the following commutative diagram with
exact rows:
Sel(K,M [̟n]) H1(KΣ/K,M [̟
n]) ⊕v∈ΣH1(Kv,M [̟n])/H1f (Kv,M [̟n])
Sel(K,M)[̟n] H1(KΣ/K,M)[̟
n] ⊕v∈ΣH1(Kv,M)/H1f (Kv,M)
where KΣ/K is the maximal extension unramified outside Σ.
Since the Selmer structure on M [̟n] is propagated from the Selmer structure on M , the rightmost
vertical map in injective. Therefore by the snake lemma it is enough to show that the central vertical
map is an isomorphism. We have an exact sequence:
0 −→M [̟n] −→M ·̟
n
−−→M −→ 0.
Taking the long exact sequence in cohomology we find an exact sequence:
H0(KΣ/K,M) −→ H1(KΣ/K,M [̟n]) −→ H1(KΣ/K,M) ̟
n
−−→ H1(KΣ/K,M).
To end the proof it suffices to notice that H0(K,M) = 0 since M [̟] = A1(f) is irreducible. 
5.8. We will prove the inequality in Lemma 5.6, hence Theorem 5.2, exploiting a system of cohomology
classes belonging to H1(K,Tn(f)); their construction relies on level raising of f modulo ̟
n at suitable
admissible primes, introduced in the next section, allowing to realise Tn(f) in the cohomology of several
Shimura curves.
6. Explicit reciprocity laws
6.1. Fix f ∈ S(n) and K/F as in 4.1.
6.2. Definition. Let n ≥ 1. A prime l of OF is called n-admissible if:
(1) l ∤ p n.
(2) l is inert in K.
(3) p ∤ N(l)2 − 1.
(4) (N(l) + 1)2 ≡ λf (Tl)2 (mod ̟n).
6.3. Notation. In what follows we will work with certain automorphic forms modulo ̟n on totally definite
quaternion algebras. We will deal as always only with automorphic forms with trivial central character;
furthermore the level of the automorphic forms we will consider will always come from a maximal order.
To shorten our notation, if B/F is a totally definite quaternion algebra, we will denote by SB
×
(Op/̟n)
the space of automorphic forms on B× with trivial central character and of level Rˆ× where R ⊂ B is a
maximal order. In other words, SB
×
(Op/̟n) = {f : B×\Bˆ×/Rˆ×Fˆ× → Op/̟n}.
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6.4. Definition. (1) An eigenform g ∈ SB×(Op/̟n) is called n-admissible if B is a totally definite
quaternion algebra of discriminant Dg divisible by n and by n-admissible primes, g is non zero
modulo ̟ and the Hecke eigenvalues of g for the Hecke operators outside Dg/n are equal to those
of f modulo ̟n . If k ≤ n, the reduction modulo ̟k of g will be denoted by gk.
(2) For an admissible eigenform g ∈ SB×(Op/̟n) we define a(g) =
∑
P∈K×\Kˆ×/Fˆ×Oˆ×
K
g(ιˆ(P )) ∈
Op/̟n, where ιˆ is defined as in (3.3.1).
6.5. Lemma. (cf. [Lon12, p. 328]) Let l be an n-admissible prime. Then:
(1) Tn(f) ≃ Op/̟n ⊕Op/̟n(1) as ΓKl-modules, and this decomposition is unique.
(2) H1(Kl, Tn(f)) ≃ H1(Kl,Op/̟n) ⊕ H1(Kl,Op/̟n(1)) where both direct summands are free
Op/̟n-modules of rank one, and the first one is identified with the unramified cohomology group
H1ur(Kl, Tn(f)).
6.6.Notation. We denote the summandH1(Kl,Op/̟n(1)) in the above decomposition byH1tr(Kl, Tn(f)),
so that H1(Kl, Tn(f)) = H
1
ur(Kl, Tn(f))⊕H1tr(Kl, Tn(f)).
Proof. The direct sum decomposition in (1) comes from the fact that, by (2) and (4) in Definition
6.2, the polynomial det(1 − xFrK,l|Tn(f)) splits as a product (1 − x)(1 − NF/Q(l)−2x). Moreover (3)
guarantees that 1 6≡ NF/Q(l)2 (mod ̟n), hence the decomposition is unique. This also implies that
H1ur(Kl, Tn(f)) = Tn(f)/(FrK,l−1)Tn(f) = Op/̟n. Finally, the quotientH1(Kl, Tn(f))/H1ur(Kl, Tn(f))
equalsHom(Il, Tn(f))
ΓKl . Any such morphism factors through the tame inertia, and has image contained
in Op/̟n(1) since FrK,l acts on the tame inertia as multiplication by NF/Q(l)−2. 
6.7. Notation. Let n ≥ 1, M = Tn(f) ≃ An(f) and let a be a product of distinct n-admissible primes.
We denote by Sela(K,M) (resp. Sel
a(K,M), Sel(a)(K,M)) the Selmer group defined by the same local
conditions as those for M at all places except at l | a, where the local condition is the zero subspace
(resp. H1(Kl,M), H
1
tr(Kl,M)). If b is a product of distinct n-admissible primes not dividing a, we will
combine the above notations with the obvious meaning. For example, we denote by Selb(a)(K,M) the
Selmer group obtained imposing as local condition at primes dividing a (resp. b) the transverse (resp.
relaxed) one.
Let us point out that, if g ∈ SB×(Op/̟n) is an n-admissible form which is the reduction of the
Jacquet-Langlands transfer of a Hilbert newform f˜ ∈ S(Dg), then by the discussion in section 4 we
have Sel(K,Tn(f˜)) = Sel(Dg/n)(K,Tn(f)).
6.8. As remarked in the previous section, in order to prove Theorem 5.2 it suffices to prove the inequality
(5.6.1) for arbitrarily large n. In light of this, Theorem 5.2 will follow from the next result, taking g to
be the reduction modulo ̟n of a (suitably normalised) Jacquet-Langlands transfer of f to the totally
definite quaternion algebra with discriminant n. The proof of the theorem is the object of the next
section.
6.9. Theorem. Let f ∈ S(n) and let K/F be a CM extension satisfying assumptions (1), (2), (3) of
Theorem 5.2. Let n = 2k and let g ∈ SB×(Op/̟n) be an admissible eigenform such that a(g) 6≡ 0
(mod ̟k). Then the following inequality holds:
lOpSel(Dg/n)(K,Ak(f)) ≤ 2ord̟(a(gk)).
Moreover the above inequality is an equality provided that the following implication holds true: if h is an
admissible automorphic form mod ̟ and Sel(Dh/n)(K,A1(f)) = 0 then a(h) ∈ Op/̟ is non zero.
6.10. Remark. (1) As it will become clear later (see Remark 7.10), we have to work modulo ̟2k in
order to establish a result modulo ̟k because we will need to make use of a certain freeness
property of the Euler system we construct. This is immaterial as long as we are interested in the
special value formula (5.4.1), which concerns modular forms in characteristic zero.
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(2) Let us say a word on the condition allowing to promote the inequalities in the above theorem to
equalities. Lift h to an eigenform in characteristic zero [DS74, Lemma 6.11], and let f˜ be the
Hilbert modular form obtained as Jacquet-Langlands transfer of a lift. In light of Zhang’s special
value formula and the observation in 6.7, what we need to know is the implication
Sel(K,A(f˜)) = 0 =⇒ Lalg(f˜K , 1) is a unit.
This is currently deduced from Skinner-Urban’s divisibility in the relevant Iwasawa main conjec-
ture [SU14] (proved in the ordinary case for Hilbert modular forms by Wan [Wan15]).
However we would like to point out that the result in loc. cit. is stronger than what we
need, and our theorem shows that a generalisation to GL2,F of Ribet’s converse of Herbrand’s
theorem [Rib76] would suffice to obtain the sought-for equality.
6.11. We will now work with the notations and assumptions of Theorem 6.9: in particular we are given
an admissible eigenform g ∈ SB×(Op/̟n) on a definite quaternion algebra B of discriminant Dg. It
determines an Op/̟n-valued character of the Hecke algebra whose kernel will be denoted by Ig, and
a surjective map ψg : S
B×(Op) → Op/̟n sending h to 〈g, h〉Rˆ× where the pairing 〈·, ·〉Rˆ× is defined
in [Wan19, 3.5].
The next Theorem 6.12 collects the essential ingredients needed to construct the cohomology classes which
we will use in our Euler system argument. It is a level raising result at an admissible prime l ∤ Dg, stating
that the representation Tn(f) appears in the mod ̟
n-cohomology of the (quotient) Shimura curve Xl
with full level structure attached to a quaternion algebra Bl of discriminant Dgl. Before stating the result
we need to introduce some notation. Let TB
×
l = Op[Tv, v ∤ Dgl, Uv, v | Dgl]. Define λl : TB×l → Op/̟n
by sending operators different from Ul to the corresponding eigenvalue for their action on g, and sending
Ul to the value ǫl ∈ {±1} such that N(l) + 1 ≡ ǫlλf (Tl) (mod ̟n). Let Il = Ker(λl). Let Jl be the
Jacobian of Xl and φl the group of connected components of the special fibre at l of its Ne´ron model.
6.12. Theorem. There is an isomorphism of ΓF -modules
(6.12.1) (Tp(Jl)⊗Zp Op)/Il ≃ Tn(f).
Furthermore there are isomorphisms (φl ⊗ Op)/Il ≃ SB×(Op)/Ig ≃ Op/̟n, the last one being induced
by ψg, and a commutative diagram
Jl(Kl)/Il H
1(Kl, Tn(f))
(φl ⊗Op)/Il H1tr(Kl, Tn(f))
κ
≃
where the map κ is induced by the Abel-Jacobi map and the isomorphism (6.12.1).
6.13. Remark. We will not enter into the details of the proof of the above theorem, which already appeared
few times in the literature. It was first proved over totally real fields by Longo [Lon07], following the
strategy in [BD05, Section 5], under the assumption that f is p-isolated [Lon07, Definition 3.2]. However,
as remarked in [CH15] (generalised to totally real fields in [Wan19, Theorem 5.3, 5.4, 5.7]), one only
needs to know that SB
×
(Op)/Ig ≃ Op/̟n. This follows from [Man19, Theorem 1.1], whose hypotheses
are satisfied in our case: indeed ρ¯ is Steinberg at primes dividing n by Lemma 2.5, and at primes dividing
Dg/n by definition of admissible prime. Furthermore, the Taylor-Wiles condition [Man19, 4. Theorem
1.1] is implied by our large image assumption (2) in Theorem 5.2. Finally assumption (3) guarantees
that the multiplicity k in [Man19, Theorem 1.1] equals zero.
6.14. Construction of the cohomology class c(l). The notations being as in Theorem 6.12, let QK =∑
σ∈K×\Kˆ×/Fˆ×Oˆ×
K
σ(PK) ∈ (CH1(Xl)(K) ⊗ Op)/Il ≃ (Pic(Xl)(K) ⊗ Op)/Il, where PK ∈ Xl(C) is a
point with CM by OK . The point QK gives rise to a cohomology class c(l) ∈ H1(K, (Tp(Jl)⊗ZpOp)/Il) =
H1(K,Tn(f)).
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6.15. Localisation of c(l) at l: the first reciprocity law. The first key observation underlying the
method introduced in [BD05] is that the cohomology class c(l) belongs to Sel(Dgl/n)(K,Tn(f)), i.e. its
localisation at primes dividingDg/n and at the additional prime l falls in the transverse part. Furthermore
the failure for the localisation of c(l) at l being zero is measured by a(g):
6.16. Theorem. (First reciprocity law)
(1) c(l) ∈ Sel(Dgl/n)(K,Tn(f)).
(2) locl(c(l)) ∈ H1tr(Kl, Tn(f)) ≃ Op/̟n and we have an equality, up to ̟-adic unit:
locl(c(l)) = a(g).
Proof. If v is a place of K not dividing Dglp then the Shimura curve Xl has good reduction at v,
hence locv(c(l)) ∈ H1ur(Kv, Tn(f)). If v | n then the Jacobian of Xl has purely toric reduction at v;
with the notation as in the proof of Proposition 4.8, it follows that locv(c(l)) ∈ Im(H1(Kq, T+/pn) →
H1(Kq, Tn(f))) = H
1
f (Kq, Tn(f)) (cf. [Wan19, (4.17)], [GP12, Lemma 8]), where the equality follows
from Proposition 4.8. For the same reason we have that locq(c(l)) ∈ H1tr(Kq, Tn(f)) for every q | Dgl/n.
For a place v above p, since the Jacobian Jl has good reduction at v, the image of the Kummer map
in H1(Kv, Jl[p
n]) lies in H1fl(OKv ,Jl[pn]), where Jl is the Neron model of Jl. This can be proved by a
direct generalisation of [LV10, Proposition 3.2] (see also [GP12, Lemma 7]). Since K is unramified at v
the map Jl[p
n] → Tn(f) induced by Tp(Jl) ⊗Zp Op/Il ≃ Tn(f) comes from a map Jl[pn] → G where G
is a finite flat group scheme with generic fiber Tn(f). The description of the finite condition at places
above p in Proposition 4.10 then shows that locv(c) ∈ H1f (Kv, Tn(f)).
Finally, the equality (up to unit) in (2) is proved in [Lon07, Proposition 3.9] (see also [Wan19, Theorem
6.2] for the Iwasawa-theoretic version and [Nek12, Proposition 2.8.3] for a more general statement);
besides Theorem 6.12, it rests on the study of the bad reduction of the Shimura curve Xl at the prime l,
and on the description of its special fibre obtained via Cherednik-Drinfeld uniformisation [Nek12, Sections
1.4, 1.5]. 
6.17. Localisation of c(l) at l′ 6= l: the second reciprocity law. The second ingredient in the Euler
system argument we will use to prove Theorem 6.9 is a reciprocity law relating the localisation of c(l) at
an admissible prime l′ 6= l to a level raising of g at the two primes l, l′.
6.18. Theorem. Let l′ 6= l be an n-admissible prime not dividing Dg. Then
locl′c(l) ∈ H1ur(Kl′ , Tn(f)) ≃ Op/̟n
and the following equality holds up to a ̟-adic unit
locl′c(l) = a(h)
where h ∈ SB
′
×
(Op/̟n) is an admissible automorphic form on the quaternion algebra B′ of discriminant
Dgll
′. Moreover the Hecke eigenvalues of h for operators outside ll′ coincide with those of g, and Ulh =
ǫlh, Ul′h = ǫl′h, where ǫl ∈ {±1} (resp. ǫl′ ∈ {±1}) is the number such that N(l) + 1 ≡ ǫlλf (Tl)
(mod ̟n) (resp. N(l′) + 1 ≡ ǫl′λf (Tl′) (mod ̟n)).
Proof. The proof goes as in [Lon12, Theorem 7.23], the only difference being that we are working with
just one CM point and not with a compatible tower of such. We point out that to construct the form
h one uses the fact that the supersingular locus in the special fibre of Xl at l
′ can be identified with
B′×\Bˆ′×/Fˆ×Rˆ′×, where R′ ⊂ B′ is a maximal order. Tha map h is then constructed essentially taking
the Abel-Jacobi image of points in the supersingular locus. The key point is to show that the map one
obtaines is surjective, which is [Lon12, Lemma 7.20]. A different proof is given in [LT17, Proposition 4.8];
both proofs rely crucially on Ihara lemma for Shimura curves, which has been established over totally
real fields in [MS19] under our large image assumption (notice that the authors of loc. cit. work with
sufficiently small compact open subgroups throughout the paper, but remark in [MS19, Remark 6.7] that
this assumption is not necessary in order for the result to hold). 
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6.19. Remark. The above theorem and the multiplicity one result in [Man19] imply the following equality
(up to unit), which will be used repeatedly later:
(6.19.1) locl′c(l) = loclc(l
′)
for every couple of distinct admissible primes l, l′ not dividing Dg.
7. The Euler system argument
7.1. We will now run the Euler system argument which proves Theorem 6.9. We therefore start with an
admissible form g ∈ SB×(Op/̟n) such that n = 2k and a(g) 6≡ 0 (mod ̟k). The main idea in the proof is
to raise the level of g at two well-chosen admissible primes l1, l2, and construct an admissible automorphic
form h ∈ SB′×(Op/̟n), where B′ has discriminant Dh = Dgl1l2, such that ord̟(a(h)) < ord̟(a(g))
and we have
2ord̟(a(gk))− 2ord̟(a(hk)) = lOpSel(Dg/n)(K,Ak(f))− lOpSel(Dh/n)(K,Ak(f)).
One is thus reduced to prove the (in)equality in the case when a(g) is a unit, which follows from the first
reciprocity law.
7.2. This level raising-length lowering method is a refinement of ideas already used, for other purposes,
by Wei Zhang in [Zha14] (as well as in [PW11]). We will also make use in the first steps of our argument of
a few lemmas essentially borrowed from [How06]. A similar strategy is employed in the preprint [BLV19]
as well: in particular a version of the important Lemma 7.16 is also proved in loc. cit. and used to
perform an inductive process akin to ours. However in our argument we do not need to make use of
parity results nor freeness results for certain Selmer groups which are employed in [BLV19].
7.3. Let us first record a lemma which guarantees that there are sufficiently many admissible primes to
detect whether a cohomology class in H1(K,A1(f)) is non zero. It was stated by Longo ([Lon07, Theorem
4.3], [Lon12, Proposition 7.5]) and proved byWang [Wan19, Theorem 7.2]. The proof relies on Chebotarev
density theorem and the key point is that, in view of our large image assumption and [Dim05, Proposition
3.9], the image of the Galois representation ρ¯ : ΓF → Aut(A1(f)) ≃ GL2(Op/̟) contains a matrix with
eigenvalues λ, δ with λ 6= ±1 and δ ∈ {±1} (notice that here we need that p > 3).
7.4. Lemma. Let c ∈ H1(K,A1(f)) be a non zero class and n ≥ 1. There are infinitely many n-admissible
primes l such that locl(c) 6= 0.
7.5. Corollary. Let C ⊂ Sel(Dg/n)(K,An(f)) be a submodule isomorphic to Op/̟n. Then there ex-
ist infinitely many n-admissible primes l such that locl : Sel(Dg/n)(K,An(f)) → H1ur(Kl, An(f)) is an
isomorphism when restricted to C.
Proof. Let us denote An(f) by M ; Let c be a generator of C. Then ̟
n−1c ∈ Sel(K,M)[̟] =
Sel(K,M [̟]) is non zero, hence by Lemma 7.4 there are infinitely many n-admissible primes l (not divid-
ing Dg) such that locl(̟
n−1c) 6= 0. For such a l the localisation map locl : C → H1ur(Kl,M) ≃ Op/̟n
is injective, hence an isomorphism. 
7.6. Let us now show that the first reciprocity law and the assumption that a(g) does not vanish yield
a weak annihilation result for the Selmer group. A similar result is proven in [How06, Proposition 2.3.5].
7.7. Proposition. The Op/̟n-module Sel(Dg/n)(K,An(f)) is killed by ̟n−1; similarly, the Op/̟k-
module Sel(Dg/n)(K,Ak(f)) is killed by ̟
k−1.
Proof. Let us prove the first statement; the second one is proved in the same way. Suppose by contradic-
tion that there exists c ∈ Sel(Dg/n)(K,An(f)) which generates a submodule C ≃ Op/̟n. By Proposition
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7.5 we can choose l ∤ Dg n-admissible such that locl : C → H1ur(Kl, An(f)) ≃ Op/̟n is an isomorphism.
In particular locl : Sel(Dg/n)(K,An(f))→ H1ur(Kl, An(f)) is surjective. We have two exact sequences:
0→ Sel(Dg/n)l(K,An(f))→ Sel(Dg/n)(K,An(f))
locl−−→ H1ur(Kl, An(f))
0→ Sel(Dg/n)(K,Tn(f))→ Sell(Dg/n)(K,Tn(f))
locl−−→ H1tr(Kl, Tn(f)).
By global duality ([MR04, Theorem 2.3.4]) the images of the two localisations maps are annihilators of
each other. Since locl : Sel(Dg/n)(K,An(f))→ H1ur(Kl, An(f)) is surjective and the pairing
H1ur(Kl, An(f))×H1tr(Kl, Tn(f))→ Op/̟n
is perfect we deduce that
locl : Sel
l
(Dg/n)
(K,Tn(f))→ H1tr(Kl, Tn(f))
is the zero map. In particular locl(c(l)) = 0. But by the first reciprocity law locl(c(l)) = a(g) and a(g) is
non zero by hypothesis, which gives a contradiction. 
7.8. Corollary. (cf. [How06, Corollary 2.2.10, Remark 2.2.11])
(1) There exists an Op/̟n-module N such that
Sel(Dg/n)(K,An(f)) = N ⊕N.
(2) There exists an Op/̟n-module N ′ such that
Sel(Dgl/n)(K,An(f)) = Op/̟n ⊕N ′ ⊕N ′.
Proof. The first point follows immediately from the previous proposition and the structure theorem for
Selmer groups [How06, Proposition 2.2.7]. In order to prove (2), it is enough to show that the dimensions
dimOp/̟Sel(Dg/n)(K,A1(f)) and dimOp/̟Sel(Dgl/n)(K,A1(f)) do not have the same parity. To prove
this we argue as follows: we have two exact sequences
0→ Sel(Dg/n)l(K,A1(f))→ Sel(Dg/n)(K,A1(f))
locl−−→ H1ur(Kl, A1(f))
0→ Sel(Dg/n)(K,A1(f))→ Sell(Dg/n)(K,A1(f))
locl−−→ H1tr(Kl, A1(f)).
By global duality if the upper localisation map is non zero then the bottom one is zero, hence in this
case we obtain
Sel(Dg/n)(K,A1(f)) = Sel
l
(Dg/n)
(K,A1(f))
therefore
Sel(Dgl/n)(K,A1(f)) = Sel(Dg/n)l(K,A1(f)).
Hence
dimSel(Dg/n)(K,A1(f))− dimSel(Dgl/n)(K,A1(f)) =
dimSel(Dg/n)(K,A1(f))− dimSel(Dg/n)l(K,A1(f)) = 1.
If the upper localisation map is zero then the bottom one is non zero and one argues similarly. 
7.9. Proposition. (cf. [How06, Lemma 3.3.6]) There exists a free Op/̟k-submodule of rank one of
Sel(Dgl/n)(K,Tk(f)) which contains (the reduction modulo ̟
k of) c(l).
Proof. By the previous corollary we can write
Sel(Dgl/n)(K,Tn(f)) =Op/̟n ⊕N ⊕N
Sel(Dgl/n)(K,Tk(f)) =Op/̟k ⊕M ⊕M.
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We know that c(l) is non zero (modulo ̟k), since this is true for its localisation at l. We claim that
this implies that ̟k−1M = 0. If this is not the case, then Sel(Dgl/n)(K,Tk(g)) contains a free Op/̟k-
submodule of rank 2, hence, for any admissible prime l′ 6= l, the kernel Sel(Dgll′/n)(K,Tk(g)) of the
localisation map
locl′ : Sel
l′
(Dgl/n)
(K,Tk(g))→ H1ur(Kl′ , Tk(g))
contains a (non zero) free Op/̟k-submodule. Therefore, writing Sel(Dgll′/n)(K,Tk(g)) = P ⊕P , we have
̟k−1P 6= 0. With the same argument as in the proof of Proposition 7.7 we deduce that a(h) = 0, where
h is a level raising modulo ̟k of g at ll′. The second reciprocity law yields locl′c(l) = a(h) = 0; since
this is true for every admissible prime l′ we get c(l) = 0, which gives a contradiction.
Hence ̟k−1M = 0. We have a commutative diagram
Sel(Dgl/n)(K,Tn(f)) Sel(Dgl/n)(K,Tn(f))[̟
k]
Sel(Dgl/n)(K,Tk(f))
·̟k
where the diagonal arrow is an isomorphism. Since ̟k−1M = 0 we deduce that the Op/̟k-module
̟k−1Sel(Dgl/n)(K,Tk(f)) is cyclic, hence the same holds for ̟
k−1Sel(Dgl/n)(K,Tn(f))[̟
k]. Therefore
̟k−1N = 0, so N is killed by the horizontal map. This implies that the image of the vertical arrow is
free of rank one; since it contains the reduction modulo ̟k of c(l), the proof is complete. 
7.10. Remark. The above property, which will play an important role in the proof of the sought-for
estimate for the length of the Selmer group, explains why we need to work with the reduction modulo
̟k of automorphic forms modulo ̟2k. Let us say (after Howard [How06, Definition 2.3.6], whose proof
of a very similar result we closely followed) that our Euler system is free if it enjoys the property in the
above proposition. Then the Euler system modulo ̟2k may not be free, but its reduction modulo ̟k is.
7.11. Let us set t(gk) = ord̟(a(gk)) and t(gk, l) = ord̟(c(l)) for l an n-admissible prime (not dividing
Dg). We are seeing c(l) as an element of Sel(Dgl/n)(K,Tk(f)), and we remark that ord̟(c(l)) can
be calculated in any submodule C ≃ Op/̟k containing c(l), whose existence is guaranteed by the
previous proposition. Indeed, let c(l) = ̟au, where u ∈ C is a unit. Then clearly a is smaller than the
order of c(l) in Sel(Dgl/n)(K,Tk(f)). We claim that equality holds. Indeed, suppose that there exists
v ∈ Sel(Dgl/n)(K,Tk(f)) and b > a such that ̟bv = c(l). Then we have ̟bv = ̟au, hence
̟k−1u = ̟a+k−a−1u = ̟b+k−a−1v
The left hand side is non zero, but the right hand side is zero, since b+ k − a− 1 ≥ 1 + k − 1 = k; this
yields a contradiction and proves our claim.
7.12. We have the following chain of inequalities:
t(gk, l) = ord̟(c(l)) ≤ ord̟(loclc(l)) = t(gk) < k
where the last equality follows from the first reciprocity law, and the last inequality holds because of
our assumption that a(g) 6≡ 0 (mod ̟k). Hence there exists a class κ(l) ∈ Sel(Dgl/n)(K,Tk(f)) such that
c(l) = ̟t(gk,l)κ(l). Our previous discussion implies that the class κ(l) can (and will) be taken to be in a
submodule C ≃ Op/̟k. It enjoys the following properties:
(1) κ(l) ∈ Sel(Dgl/n)(K,Tk(f)).
(2) ord̟κ(l) = 0.
(3) ord̟(locl(κ(l))) = t(gk)− t(gk, l).
7.13. Lemma. Suppose that Sel(Dg/n)(K,Ak(f)) 6= 0. Then there exist infinitely many admissible primes
l ∤ Dg such that t(gk, l) < t(gk).
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Proof. Let c ∈ Sel(Dg/n)(K,Ak(f)) be a non zero class, and l an admissible prime not dividing Dg such
that locl(c) 6= 0. By global duality and the fact that the local conditions defining Sel(Dgl/n)(K,Tk(f))
and Sel(Dg/n)(K,Ak(f)) are everywhere orthogonal except at l we have:
0 =
∑
v
〈locv(c), locv(κ(l))〉 = 〈locl(c), locl(κ(l))〉.
Since the pairing between H1ur(Kl, Ak(f)) and H
1
tr(Kl, Tk(f)) is perfect and locl(c) 6= 0 we deduce that
locl(κ(l)) ∈ Op/̟k cannot be a unit. By property (3) above, this proves the lemma. 
7.14. Corollary. If a(gk) is a unit then Sel(Dg/n)(K,Ak(f)) = 0.
Proof. This follows immediately from the previous lemma. We remark that this can also be deduced
from Proposition 7.7, replacing Ak(f) with A1(f) and using the hypothesis that a(gk) is not congruent
to 0 modulo ̟. These two proofs essentially rely on the same argument. 
7.15. Recall that we want to prove Theorem 6.9. We will prove it by induction on t(gk) = ord̟(a(gk)),
which is finite by assumption. The above corollary deals with the base case t(gk) = 0; to treat the general
case we will make use of the following
7.16. Lemma. Suppose that Sel(Dg/n)(K,Ak(f)) is non zero. Then there exist two n-admissible primes
l1 6= l2 not dividing Dg and an admissible automorphic form h ∈ SB
′×
(Op/̟n), where B′ is the totally
definite quaternion algebra of discriminant Dgl1l2, such that:
(1) t(gk, l1) = t(gk, l2) < t(gk).
(2) t(hk) = t(gk, li), i = 1, 2.
(3) ord̟ locl1(κ(l2)) = ord̟locl2(κ(l1)) = 0.
(4) Sel(Dgl1l2/n)(K,Ak(f)) = Sel(Dg/n)l1l2(K,Ak(f)).
Proof. Take l1 admissible such that t(gk, l1) = min{t(gk, l), l n− admissible prime}. Lemma 7.13 and the
assumption that the Selmer group is non trivial imply that t(gk, l1) < t(gk). We know that ord̟(κ(l1)) =
0 and that κ(l1) ∈ C ⊂ Sel(Dgl1/n)(K,Tk(f)), where C ≃ Op/̟k. Hence by Corollary 7.5 (which holds
true modulo ̟k) we can choose an n-admissible prime l2 distinct from l1 and not dividing Dg such that
ord̟(locl2(κ(l1))) = 0.
We now have the following chain of equalities:
t(gk, l1) + ord̟(locl2(κ(l1))) =ord̟(locl2(c(l1)))
= t(hk) = ord̟(locl1(c(l2)))
= t(gk, l2) + ord̟(locl1(κ(l2)))
where the second and third equalities follow from the second reciprocity law in the form given in Remark
6.19.
Now
t(gk, l1) ≤ t(gk, l2)
by minimality of t(gk, l1), and ord̟(locl2(κ(l1))) = 0. Comparing the first, third and last member in the
chain of equalities above we deduce that
t(gk, l1) = t(gk, l2) = t(hk),
ord̟(locl1(κ(l2))) = 0.
Hence claims (1), (2) and (3) are proved.
It remains to show (4). We have two exact sequences:
Sel(Dgl1l2/n)(K,Tk(f)) →֒ Sell1l2(Dg/n)(K,Tk(f))
vl1⊕vl2−−−−−→ H1ur(Kl1 , Tk(f))⊕H1ur(Kl2 , Tk(f))
Sel(Dg/n)l1l2(K,Ak(f)) →֒ Sel(Dgl1l2/n)(K,Ak(f))
δl1⊕δl2−−−−−→ H1tr(Kl1 , Ak(f))⊕H1tr(Kl2 , Ak(f))
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where vli (resp. δli) denotes the composition of the localisation map and the projection onto the unram-
ified (resp. transverse) part.
By Poitou-Tate global duality the images of vl1 ⊕ vl2 and δl1 ⊕ δl2 are orthogonal complements with
respect to the local Tate pairing. Now, the classes κ(l1) and κ(l2) belong to Sel
l1l2
(Dg/n)
(K,Tk(f)), and
because of (3) and the fact that the localisation at li of κ(li) falls in the transverse part we have, up to
unit:
vl1 ⊕ vl2(κ(l1)) =(0, 1)
vl1 ⊕ vl2(κ(l2)) =(1, 0).
This implies that the map
vl1 ⊕ vl2 : Sell1l2(Dg/n)(K,Tk(f))→ H
1
ur(Kl1 , Tk(f))⊕H1ur(Kl2 , Tk(f))
is surjective. Since the pairing between H1ur(Kli , Tk(f)) and H
1
tr(Kli , Ak(f)) is perfect for i = 1, 2 we
deduce that
δl1 ⊕ δl2 : Sel(Dgl1l2/n)(K,Ak(f)) −→ H1tr(Kl1 , Ak(f))⊕H1tr(Kl2 , Ak(f))
is the zero map, therefore we have an isomorphism:
Sel(Dg/n)l1l2(K,Ak(f)) ≃ Sel(Dgl1l2/n)(K,Ak(f)).

7.17. Let us now prove the inequality
lOpSel(Dg/n)(K,Ak(f)) ≤ 2t(gk)
by induction on t(gk). If t(gk) = 0 then the inequality follows from Corollary 7.14, hence let us suppose
that t(gk) > 0. If Sel(Dg/n)(K,Ak(f)) is trivial then there is nothing to prove. If Sel(Dg/n)(K,Ak(f)) is
non trivial, choose two n-admissible primes l1, l2 as in Lemma 7.16.
We have two exact sequences:
Sel(Dg/n)(K,Tk(f)) →֒ Sell1l2(Dg/n)(K,Tk(f))
δl1⊕δl2−−−−−→ H1tr(Kl1 , Tk(f))⊕H1tr(Kl2 , Tk(f))
Sel(Dg/n)l1l2(K,Ak(f)) →֒ Sel(Dg/n)(K,Ak(f))
vl1⊕vl2−−−−−→ H1ur(Kl1 , Ak(f))⊕H1ur(Kl2 , Ak(f)).
Let us identify H1tr(Kli , Tk(f)) with H
1
ur(Kli , Ak(f))
∨ = HomOp/̟k(H
1
ur(Kli , Ak(f)),Op/̟k) via the
local Tate pairing at li, for i = 1, 2. Taking the dual of the lower exact sequence above and using
Poitou-Tate global duality we find an exact sequence:
Sel(Dg/n)(K,Tk(f)) →֒ Sell1l2(Dg/n)(K,Tk(f))
δl1⊕δl2−−−−−→ H1tr(Kl1 , Tk(f))⊕H1tr(Kl2 , Tk(f))
v∨l1⊕v
∨
l2−−−−−→ Sel(Dg/n)(K,Ak(f))∨ −→ Sel(Dg/n)l1l2(K,Ak(f))∨ −→ 0.
Using (4) of Lemma 7.16 we deduce that:
lOpSel(Dg/n)(K,Ak(f))− lOpSel(Dgl1l2/n)(K,Ak(f)) =
lOpSel(Dg/n)(K,Tk(f))− lOpSell1l2(Dg/n)(K,Tk(f)) + 2k.(7.17.1)
Let us now compute lOpSel
l1l2
(Dg/n)
(K,Tk(f)) − lOpSel(Dg/n)(K,Tk(f)). Choose an element ζ(l1) ∈
Sell1(Dg/n)(K,Tk(f)) such that δl1(ζ(l1)) generates the image of the map
Sell1(Dg/l)(K,Tk(f))
δl1−−→ H1tr(Kl1 , Tk(f)) ≃ Op/̟k.
We find an exact sequence:
(7.17.2) 0 −→ Sel(Dg/n)(K,Tk(f)) −→ Sell1(Dg/n)(K,Tk(f))
δl1−−→ δl1(ζ(l1))Op/̟k −→ 0.
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The cohomology class κ(l1) belongs to Sel
l1
(Dg/n)
(K,Tk(f)); hence, possibly after multiplying it by a
unit of Op/̟k, there exists an integer m1 ≥ 0 such that
δl1(̟
m1ζ(l1)− κ(l1)) = 0.
This implies:
m1 + ord̟(δl1(ζ(l1))) = ord̟(δl1(κ(l1))) = t(gk)− t(gk, l1) = t(gk)− t(hk)
where the third equality follows from (2) of Lemma 7.16. Using this and the exact sequence (7.17.2) we
obtain:
lOpSel
l1
(Dg/n)
(K,Tk(f))− lOpSel(Dg/n)(K,Tk(f)) = k − ord̟(δl1(ζ(l1)))
= k +m1 − t(gk) + t(hk).
Similarly, take ζ(l2) ∈ Sell1l2(Dg/n)(K,Tk(f)) such that we have an exact sequence:
0 −→ Sell1(Dg/n)(K,Tk(f)) −→ Sel
l1l2
(Dg/n)
(K,Tk(f))
δl2−−→ δl2(ζ(l2))Op/̟k −→ 0.
Then there exists m2 ≥ 0 such that δl2(̟m2ζ(l2)− κ(l2)) = 0, hence we find:
lOpSel
l1l2
(Dg/n)
(K,Tk(f))− lOpSell1(Dg/n)(K,Tk(f)) = k − ord̟(δl2(ζ(l2)))
= k +m2 − t(gk) + t(hk).
Therefore we obtain:
lOpSel
l1l2
(Dg/n)
(K,Tk(f))− lOpSel(Dg/n)(K,Tk(f)) = 2k +m1 +m2 − 2t(gk) + 2t(hk).
This, together with equation (7.17.1), yields:
lOpSel(Dg/n)(K,Ak(f))− lOpSel(Dgl1l2/n)(K,Ak(f)) = −m1 −m2 + 2t(gk)− 2t(hk)
which finally implies:
(7.17.3) lOpSel(Dg/n)(K,Ak(f))− 2t(gk) = lOpSel(Dgl1l2/n)(K,Ak(f))− 2t(hk)−m1 −m2.
Since t(hk) < t(gk), by induction we have lOpSel(Dgl1l2/n)(K,Ak(f))− 2t(hk) ≤ 0, hence by (7.17.3) we
also have lOpSel(Dg/n)(K,Ak(f))− 2t(gk) ≤ 0.
7.18. We have completed the proof of the inequality in the statement of Theorem 6.9. It remains to
prove that the equality also holds, under the additional hypothesis that the implication
Sel(Dh/n)(K,A1(f)) = 0 =⇒ t(h) = 0
holds true for every admissible automorphic form h modulo ̟.
As before, the proof is by induction on t(gk), and the case t(gk) = 0 is covered by Lemma 7.14. So let us
suppose that t(gk) > 0. Then, since we are assuming that
(7.18.1) Sel(Dg/n)(K,A1(f)) = 0 =⇒ t(g1) = 0
we deduce that Sel(Dg/n)(K,A1(f)) cannot be trivial, hence we can invoke Lemma 7.16. Let us stress,
before continuing the proof, that it is at this point that the proof of the equality differs substantially
from the proof of the inequality we gave above, and the non trivial input (7.18.1) is crucially needed.
Let l1 and l2 be two admissible primes as in Lemma 7.16, and let h be the automorphic form given by
the lemma. We proved above the following equality (7.17.3):
lOpSel(Dg/n)(K,Ak(f))− 2t(gk) = lOpSel(Dgl1l2/n)(K,Ak(f))− 2t(hk)−m1 −m2
Moreover we know that t(hk) < t(gk). Therefore by induction we have
lOpSel(Dgl1l2/n)(K,Ak(f)) = 2t(hk).
In order to complete the proof it is therefore enough to show that m1 = m2 = 0.
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7.19. Let us first show that m1 = 0. Recall that m1 was chosen in such a way that the equality
δl1(̟
m1ζ(l1) − κ(l1)) = 0 is satisfied. In other words, the class ̟m1ζ(l1) − κ(l1), which a priori lives in
Sell1(Dg/n)(K,Tk(f)), actually belongs to Sel(Dg/n)(K,Tk(f)). Lemma 7.7 yields the equality:
̟k−1κ(l1) = ̟
m1+k−1ζ(l1)
hence:
̟k−1locl2(κ(l1)) = ̟
m1+k−1locl2(ζ(l1)) ∈ H1ur(K,Tk(f)) ≃ Op/̟k.
By Lemma 7.16 we have ord̟(locl2(κ(l1))) = 0, hence the left hand side of the above equality is non
zero. Therefore the right hand side must also be non trivial, yielding m1 + k − 1 < k. Hence m1 = 0.
7.20. Let us finally show that m2 = 0. Since we already know that m1 = 0 we have δl1(ζ(l1)) =
δl1(κ(l1)) (up to unit). By definition of ζ(l1), this implies that δl1(κ(l1)) generates the image of the map
Sell1(Dg/n)(K,Tk(f))
δl1−−→ H1tr(Kl1 , Tk(f)).
Now recall that m2 was chosen so that δl2(̟
m2ζ(l2)− κ(l2)) = 0, which implies that
̟m2ζ(l2)− κ(l2) ∈ Sell1(Dg/n)(K,Tk(f)) ⊂ Sel
l1l2
(Dg/n)
(K,Tk(f)).
Therefore there exists m3 ≥ 0 such that:
δl1(̟
m2ζ(l2)− κ(l2)−̟m3κ(l1)) = 0.
In other words, we have ̟m2ζ(l2)− κ(l2)−̟m3κ(l1) ∈ Sel(Dg/n)(K,Tk(f)). Invoking Lemma 7.7 again
we obtain
̟m2+k−1ζ(l2)−̟k−1κ(l2) = ̟m3+k−1κ(l1)
hence:
locl1(̟
m2+k−1ζ(l2))− locl1(̟k−1κ(l2)) = locl1(̟m3+k−1κ(l1)).
Suppose by contradiction that m2 > 0. Then the first term in the above equation dies, and we get:
−locl1(̟k−1κ(l2)) = locl1(̟m3+k−1κ(l1)).
Notice that
locl1(̟
k−1κ(l2)) ∈ H1ur(Kl1 , Tk(f))
locl1(̟
m3+k−1κ(l1)) ∈ H1tr(Kl1 , Tk(f)).
Hence both terms must be zero. On the other hand, since ord̟(locl1(κ(l2))) = 0 the left hand side of
the above equality is non trivial. This gives a contradiction, and completes the proof of Theorem 6.9.
8. The indefinite case
8.1. Let us now switch to the indefinite setting, namely we fix a Hilbert newform f ∈ S(n) and a CM
extension K/F such that n is squarefree and all its factors are inert in K, and we assume in addition that
[F : Q] 6≡ #{q, q | n} (mod 2). In this case the sign of the functional equation of L(fK , s) is −1, and
Zhang’s special value formula asserts that L′(fK , 1) =
2r+1√
N(disc(K/F ))
· 〈f, f〉Pet · 〈a(f), a(f)〉NT . Recall
(see section 3.6) that a(f) ∈ (Jac(X)(K)⊗Op)/IfB is the fB-isotypical part of the trace of a point PK
with CM by OK on the quotient Shimura curve X with full level structure attached to the quaternion
algebra B of discriminant n ramified at all but one infinite place. Furthermore in this setting the fB-
isotypical part of the Tate module Tp(Jac(X)) is isomorphic to T (f) as a ΓF -module, as a consequence
of the Eichler-Shimura relations for Shimura curves. It follows that a(f) gives rise to a cohomology class
c ∈ Sel(K,T (f)). Our aim in this section is to prove that, if L′(fK , 1) 6= 0, then Sel(K,A(f)) has
Op-corank one and we have the inequality (which is an equality under the same additional assumption
as in Theorem 6.9)
(8.1.1) lOpSel(K,A(f))/div ≤ 2ord̟(c),
where we denote by Sel(K,A(f))/div the quotient of Sel(K,A(f)) by its maximal divisible submodule.
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8.2.Remark. In the simplest case when the Hecke eigenvalues of f are rational we have V (f) = Tp(Ef )⊗Zp
Qp, where Tp(Ef ) is the p-adic Tate module of an elliptic curve Ef/F with L-function L(f, s). The above
inequality then translates into a relation between (the p-parts of) the cardinality of the Tate-Shafarevich
group of E/K and the square of the index of the Heegner point in Ef (K) coming from a(f); this
is consistent with what predicted by the Birch and Swinnerton-Dyer conjecture (see [Zha14, Lemma
10.1.2]).
We are going to prove the following result:
8.3. Theorem. Fix f ∈ S(n) and K/F satisfying assumptions (1), (2), (3) of Theorem 5.2. Assume that
L′(fK , 1) 6= 0. Let n = 2k, and suppose that c 6≡ 0 (mod ̟k). Then the following inequality holds:
lOpSel(K,Ak(f)) ≤ k + 2ord̟(c).
Moreover the above inequality is an equality provided that the following implication holds true: if h is an
admissible automorphic form mod ̟ and Sel(Dh/n)(K,A1(f)) = 0 then 0 6= a(h) ∈ Op/̟.
8.4. Theorem 8.3 implies the inequality (8.1.1). Indeed, assume that the theorem holds and write
Sel(K,A(f)) = (Ep/Op)r ⊕M with M finite. Then lOpSel(K,Ak(f)) = kr + lOpM [̟k], hence r = 1
and for k large enough we have
lOp(M) = lOp(M [̟
k]) = lOpSel(K,Ak(f))− k ≤ 2ord̟(c),
hence lOpSel(K,A(f))/div ≤ 2ord̟(c), as we had to show.
In order to prove Theorem 8.3 we will make use of the second reciprocity law 6.18, relating the
localisation of the class c at an admissible prime l to the quantity a(g), where g ∈ SB
′
×
(Op/̟n) is an
admissible automorphic form on the totally definite quaternion algebra B′ of discriminant nl. This brings
us in the context of Theorem 6.9, and choosing l appropriately we will deduce Theorem 8.3 from Theorem
6.9. We wish to stress the remarkable fact that the second reciprocity law allows to prove special value
formulas in analytic rank one by reducing them to the rank zero case.
8.5. Let us prove Theorem 8.3. Let t(f) = ord̟(c). The reduction modulo ̟
k of c is contained in a
free Op/̟k-module C of rank one. This is proved in the same way as in Proposition 7.9, once one we
know that
Sel(K,Tn(f)) = Op/̟n ⊕N ⊕N.
To show this, choose l admissible such that locl(c) 6= 0 ∈ Op/̟n. By the second reciprocity law this
implies that a(g) 6= 0, where g is a level raising of f at l modulo ̟n. Hence Proposition 7.7 applies, and
it implies that Sel(l)(K,Tn(f)) ≃M ⊕M . By Corollary 7.8 we conclude.
There exists a class κ ∈ C ⊂ Sel(K,Tk(f)) such that ̟t(f)κ = c. Hence we can choose an admissible
prime l such that ord̟(locl(κ)) = 0. Using the second reciprocity law we find:
(8.5.1) t(f) = ord̟(locl(c)) = ord̟(a(gk))
where g ∈ SB
′
×
(Op/̟n) is an admissible automorphic form on the totally definite quaternion algebra
B′ of discriminant nl.
8.6. To prove Theorem 8.3 we shall now compare the Selmer groups Sel(K,Ak(f)) and Sel(l)(K,Ak(f)).
We have a square of Selmer groups:
Sell(K,Ak(f))
Sel(K,Ak(f)) Sel(l)(K,Ak(f))
Sell(K,Ak(f))
c
d
a
b
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Global duality yields an exact sequence:
0 −→ Sel(l)(K,Tk(f)) −→Sell(K,Tk(f)) vl−→ H1ur(Kl, Tk(f))(8.6.1)
δ∨l−→Sel(l)(K,Ak(f))∨ −→ Sell(K,Ak(f))∨ −→ 0.
Since κ ∈ Sell(K,Tk(f)) satisfies ord̟(locl(κ)) = 0 the map vl is surjective, therefore δ∨l is the zero
map, which yields:
Sel(l)(K,Ak(f)) ≃ Sell(K,Ak(f)).
In other words, the inclusion b in the square above is an isomorphism. This implies that
lOpSel
l(K,Ak(f))− lOpSell(K,Ak(f)) =(8.6.2)
lOpSel
l(K,Ak(f))− lOpSel(l)(K,Ak(f)) ≤ k.
Since the class κ ∈ Sel(K,Tk(f)) ≃ Sel(K,Ak(f)) satisfies ord̟(locl(κ)) = 0, we find an exact
sequence
0 −→ Sell(K,Ak(f)) −→ Sel(K,Ak(f)) vl−→ H1ur(Kl, Ak(f)) −→ 0
which yields
lOpSel(K,Ak(f))− lOpSell(K,Ak(f)) = k.
Because of (8.6.2) we see that the map c is an isomorphism. Collecting everything we get
lOpSel(l)(K,Ak(f)) = lOpSell(K,Ak(f)) = lOpSel(K,Ak(f))− k.
Now g is an admissible automorphic form satisfying the hypotheses of Theorem 6.9, hence
(8.6.3) lOpSel(l)(K,Ak(f)) ≤ 2ord̟(a(gk)).
Finally, using equation (8.5.1) we obtain
lOpSel(K,Ak(f)) ≤ 2t(f) + k
and equality holds whenever it does in equation (8.6.3). Hence the proof is complete.
8.7. A remark on parity of the dimension of Selmer groups. Let us conclude by mentioning the
implications that the level raising-length lowering method we used has for parity results for Selmer groups.
These results are already known in our setting [Nek06]; we hope that the following argument - inspired
to [Zha14, Section 9.2]; see also [GP12, Lemma 9] - can be of interest nonetheless. It allows to prove that
the parity conjecture, asserting that the parity of the Op-corank of Sel(K,A(f)) equals the parity of the
order of vanishing of L(fK , s) at s = 1, follows from (hence is equivalent to) the sign conjecture, which
predicts that Sel(K,A(f)) 6= 0 whenever ǫ(fK) = −1. Work related to the latter conjecture has been
carried out in [SU06], [BC09], [Bel12].
Let f ∈ S(n) and let K/F be a CM extension such that the assumptions (1), (2), (3) of Theorem 5.2 are
satisfied. We wish to prove that
dimOp/̟Sel(K,A1(f)) ≡ ǫ(fK) (mod 2)
by induction on d(f) = dimOp/̟Sel(K,A1(f)), and assuming that the congruence holds true whenever
d(f) = 0. Suppose that Sel(K,A1(f)) 6= 0 and choose a non zero class c ∈ Sel(K,A1(f)) as well as an
admissible prime l such that locl(c) 6= 0. Then locl : Sel(K,A1(f))→ H1ur(Kl, A1(f)) is surjective, hence
by global duality we obtain that Sel(K,A1(f)) = Sel
l(K,A1(f)) and Sel(l)(K,A1(f)) = Sell(K,A1(f)).
Hence dimOp/̟Sel(l)(K,A1(f)) = dimOp/̟Sel(K,A1(f))− 1. On the other hand Sel(l)(K,A1(f)) is the
mod ̟ Selmer group of a level raising g ∈ S(nl) of f (see 6.7; notice that in this argument one needs to
work with modular forms in characteristic zero). By induction we have ǫ(gK) ≡ dimOp/̟Sel(l)(K,A1(f))
(mod 2). Finally, ǫ(gK) = −ǫ(fK) as the numbers of prime ideals dividing n and nl have different parity.
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